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Non-Uniform Norm Constraint LMS Algorithm for
Sparse System Identification

F. Y. Wu, Student Member, IEEE, and F. Tong, Member, IEEE

Abstract—Sparsity property has long been exploited to im-
prove the performance of least mean square (LMS) based
identification of sparse systems, in the form of /o-norm or /;-norm
constraint. However, there is a lack of theoretical investigations
regarding the optimum norm constraint for specific system with
different sparsity. This paper presents an approach by seeking
the tradeoff between the sparsity exploitation effect of norm
constraint and the estimation bias it produces, from which a
novel algorithm is derived to modify the cost function of classic
LMS algorithm with a non-uniform norm (p-norm like) penalty.
This modification is equivalent to impose a sequence of /op-norm
or [1-norm zero attraction elements on the iteration according to
the relative value of each filter coefficient among all the entries.
The superiorities of the proposed method including improved
convergence rate as well as better tolerance upon different
sparsity are demonstrated by numerical simulations.

Index Terms—p-norm like; non-uniform norm constraint;
LMS algorithm; sparsity exploitation.

I. INTRODUCTION

PARSITY exploitation in adaptive filtering framework has
S attracted considerable research interest in both theoretical
and applied issues for a long time [1,2]. Recently, [o-LMS
[3,4], [1-LMS [5,6] algorithms are proposed to improve the
performance of LMS algorithm for identification of sparse
systems by integrating [p-norm or /-norm constraint into the
cost function of the standard LMS algorithm to accelerate the
convergence of near-zero coefficients. Further analysis of such
algorithms was provided in [7,8]. However, for either the [-
norm or /;-norm algorithm, there is not any adjustable factor
that can adapt the norm constraint itself to the unknown system
associated with different sparsity. As a result, the effectiveness
of the lp-LMS [3] or [;-LMS [7] significantly decreases with
the fading of the sparsity of target systems.

Compressive sensing or compressive sampling (CS) meth-
ods provide a robust sparse exploitation framework to estimate
a sparse signal [9-12]. Accordingly the concept of p-norm
like is proposed as an effective diversity measure in [11,12].
Note that minimizing diversity (anti-sparse) is equivalent to
maximize the concentration (sparsity) [11,12]. In this letter,
a p-norm like constraint is originally adopted to modify the
cost function of classic LMS algorithm. Considering that
the norm constraint will unavoidably produce an estimation
bias at the same time of achieving sparsity exploitation, the
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classic concept of p-norm like is split to form a new non-
uniform norm definition to enable the quantitative adjustment
of norm constraint to seek a tradeoff. Thus, optimization
analysis of the non-uniform p vector lead to the derivation of
a novel algorithm called non-uniform norm constraint LMS
algorithm (NNCLMS), which integrates non-uniform norm
constraint into the classic LMS cost function according to the
relative value of individual coefficient. Numerical simulations
demonstrate that the proposed algorithm outperforms /y-LMS
and [;-LMS algorithm.

II. DERIVATION OF THE PROPOSED ALGORITHM

We consider the following minimization problem:
w(n) = argminJ,, (w) (1
The cost function J,,(w) is defined as:

Ju(w) = |d(n) = x"(mw(n)|” +1llwm)l @)
where, d(n), w(n) = [wo(n),wi(n),...,wr_1(n)]T and
x(n) = [z(n),z(n — 1),..,z(n — L + 1)]7 denote the de-
sired signal, adaptive filter coefficient vector and input vector
respectively, L is the filter length. The estimation square error
term |d(n) — xT(n)w(n)‘2 in (2) is commonly used as the
cost function in classic LMS-type adaptive methods. The last
term y|[w(n)|[} is a p-norm like constraint term, where, v > 0
is a factor to balance the constraint term and the estimation
square error, and |[w(n)||} is called LL norm or “p-norm like”
[11,12], which is different from the classic Eulidean norm and
defined as[12]:

w(n)p=>"|wil’, 0<p<1 3)

=1

Then, we can see that:
lim [[w(n)|[; = [[w(n)|lo = #{ilw; # 0}, 4)
p—0

which means counting the number of nonzero coefficients.
And,

;LH%HW(”)Hg:HW(n)Hl :Z|wi|' (5)
=1

The norm constraint as (4) or (5) has been utilized and
analyzed popularly for the solution of sparse system estimation
to derive various [o-LMS and [/;-LMS algorithm [7,8].

In order to solve the problem in (1) with gradient optimiza-
tion, we obtain the gradient of the cost function with respect
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to filter coefficient vector w(n) as:
2

o olld) - X wwwl) | ol
poan ()] - ©
=) e

Thus, the gradient descent recursion of the filter coefficient
vector is:

wi(n+1) =wi(n) - p,,

=w;(n) + pe(n)z(n — i) )
_ mpsenfwi)] oy g
[wi(n)[*=P a

where an element in the vector w(n) is defined as w;(n), u is
the step size parameter of the LMS algorithm, x = py > Oisa
parameter combining the contributions of step size and balance
factor, e(n) = d(n) —xT (n)w(n) represents estimation error,
sgn[w;(n)] is the sign function.

However, similar to correction term created by the [o-LMS
and [;-LMS algorithm [7,8], the last term in (7) caused by the
integration of p-norm like constraint will unavoidably cause
an estimation bias at the same time of achieving sparsity
exploitation [7]. While the introduction of p-norm like enables
the optimization of norm constraint via the adjustment of
p parameter, as (7) indicates, the p parameter affects the
estimation bias as well as the intensity of sparsity correction
equally, therefore it cannot be directly adopted to seek a
tradeoff between them.

To address this problem, we split the definition of the classic
p-norm like in (3) into a non-uniform p-norm like definition
which uses a different value of p for each of the L entries in
w(n), as:

L
Iwn)[f, =Y Jwim)f, 0<p <1 ®)
=1

Accordingly, the cost function corresponding to the new
non-uniform p-norm penalty is:

/ 2
3, (w) = [d(n) —x" (m)w(n)|" +1llw®)l) . ©
The sparsity exploitation optimization problem here becomes:

- 9T, (w)
_ P
Vn = e s.t. [[w(n)|[7 ; = min.
where s.t. means subject to. Instead of (7), the corresponding
gradient descent recursion equation is:

(10)

wi(n 4+ 1) =w;(n) + pe(n)x(n — i)
_ ﬁpngn[wi(n‘)]’ VO<i<L
|wi(n)[1=P:

Similar to [p-LMS and [,-LMS algorithm [7,8], the intensity
of the sparsity correction in (11) is great for small entries of
w(n), but slight for large ones. With the introduction of p =
[po, p1, .--pr—1] vector, it is possible to assign different p for
different entries of w(n) with large or small value to balance
the contribution of the sparsity correction and the estimation
bias among all of the L entries. To be specific, for large w;(n),
p; should be optimized to reduce the estimation bias as more as
possible, otherwise p; should be tuned to achieve compromise.

(1)
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The form of the last term in (11) suggests that a metric of
the absolute value can be introduced to quantitatively classify
the filter coefficients into the ‘large’ and ‘small’ category.
Considering the expected range of values of w(n) vector, we
define the absolute value expectation of the vector w(n) as
the classification metric:

v(n) = E[lw;(n)]], Y0<i<L (12)

Thus, for the ‘large’ category, the optimization for each entry
of p can be expressed as:

argrrll)in[pi|wi(n)|p'i71] =0, i=arglw;(n)>v(n)] 13)

For the ’small’ category, to avoid the extremely great or slight
intensity caused by various value of small w;(n), as well as
to simplify the algorithm implementation, p = 1 provides a
balanced solution upon different considerations.

Therefore, the comprehensive optimization of the non-
uniform constraint will cause p; taking O (i.e., zero constraint)
or 1 when w;(n) > v(n) or w;(n) < v(n) respectively. In
the sense of achieving balance of the sparsity exploitation and
estimation bias, we yield the final recursion of filter coefficient
vectors:

wi(n + 1) =w;(n) + pe(n)x(n — 1)

14
— kfsgn[w;(n)], Y0<i<L (14

where f can be obtained by:
fe sgnfv(n) — |w;(n)|] +1 VO <i<L (15)

2 )
The last term in (14) actually impose a non-uniform norm
related zero attraction on filter coefficients. Different from the
lo-LMS and [1-LMS zero attraction term, the exertion of the
non-uniform norm term is dependent on the value of each
coefficient with respect to the expectation. The non-uniform
zero attractor will exert to promote the convergence of small
coefficient, and vanish to remove the estimation bias caused
by large coefficient, thus seek a tradeoff between these two
types of impact on the performance of the algorithm.

Meanwhile, the non-uniform p vector will exhibit different
pattern for target system with different sparse characteristics,
it actually provides certain adaptability to the sparsity.

In addition, to further alleviate the residual estimation bias
in the proposed algorithm, reweighted zero attraction [7] is
introduced to (14). The recursion equation of the proposed
algorithm called NNCLMS in this letter can be expressed as:

w;(n + 1) =w;(n) + pe(n)xz(n — 1)
kfsgn(wi(n)]

_R i w<i< L
1+ cfw;(n)] =!

(16)

where € > 0 is a parameter to control the strength of reweight-
ing. With the introduction of reweighting term, the proposed
algorithm assigns non-uniform denominator according to the
absolute value of individual coefficient to the norm constraint
term to reduce the residual estimation bias. The proposed
algorithm is described using MATLAB like pseudo-codes as
Table I.

We present brief discussions on the impact of algorithm
parameters as following:
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TABLE 1
PSEUDO-CODES OF THE PROPOSED ALGORITHM

Given u, Kk, e, L

Initial ~ w=zeros(L,1)
for n=1,2...
Input new x(n) and d(n);
e(n) = d(n) — xT(n)w(n);
f= Sgﬂ[E(\wz’(TL)\Z)*\MH(")\]Jrl7 V0 < i< L

w;(n+1) = w;(n) + pe(n)z(n — i) — 7K{f§5ﬁ£§\)] ;

end

According to the above analysis, one can readily accept
that parameter « determines the performance of the proposed
algorithm. Reference to [3-8], the parameter denotes the
intensity of attraction and results in a faster convergence since
the intensity of attraction increases. However, a large « results
in a large steady-state misalignment. So « is determined by
the trade-off between adaptation speed and adaptation quality.

The reweighted parameter € denotes the strength of reweigh-
ing to alleviate the estimation bias. The estimation bias will
be reduced when ¢ increases. Meanwhile, a large ¢ will result
in a weak zero attraction. So the parameter is determined by
the trade-off between the estimation bias and the strength of
zero attraction.

III. SIMULATION

In this section, we will perform numerical simulation studies
to analyze the performance of steady state and the convergence
rate of NNCLMS, and the performance of NNCLMS will be
compared with that of the standard LMS algorithms, [-LMS,
[;-LMS, and Reweighted [;-LMS (Rl;-LMS),.

The first experiment is designed to test the convergence
performance of our method with different value of x. The
unknown system consists of 72 coefficients, in which 2 of
them are nonzero ones. The locations of the nonzero taps are
uniformly distributed pseudorandom within the global range of
the system response, and the values are selected according to
zero-mean and unit-variance normally pseudorandom distribu-
tion. The driven signal and observed noise are white, Gaussian
with variance 1 and 0.01, respectively. The filter length is
72. The parameters of algorithms are provided in Table 2.
The analysis results of all algorithms are obtained from 100
times independent simulations. As shown in Fig.1, it is evident
that the proposed algorithm converges more rapidly and yields
lower MSD than the classic LMS does in a large range of «.
In addition, the Fig.1 also indicates that a larger s results
in a higher convergence rate as well as a larger steady-state
misalignment in our method. The above simulation results are
consistent with the discussion in the previous section.

The second experiment is designed to test the convergence
performance of the proposed algorithm under various sparsi-
ties. To evaluate the sparsity quantitatively, the sparse ratio
(SR) is defined as the ratio of non-zero tap number to total
tap number. A target system consists of 50 coefficients is
adopted, with the SR varying from 1/50, to 4/50, and 14/50
at the 3000th, 6000th, and 9000th iterations respectively. The
locations and values of the nonzero taps are selected with the
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Fig. 1. Learning curves of NNCLMS with different «, driven by white

signal.

TABLE 11
PARAMETERS IN THE 15¢ EXPERIMENT

Algorithms | I | K | € |
LMS 0.0012 NA NA
NNCLMSI1 | 0.0016 | 0.00016 2
NNCLMS2 | 0.0024 | 0.00024 2
NNCLMS3 | 0.0045 | 0.00045 2
NNCLMS4 | 0.0120 | 0.00120 2

same way as the first experiment. The input driven signal and
observed noise are the same as that in the first experiment. The
filter length is L = 50. The parameters of candidate algorithms
are carefully chosen to make their steady-state error the same.
The parameters of each algorithm are provided in Table 3. All
algorithms are simulated 100 times.

The Fig. 2 (a) provides the MSD curves of all algorithms.
It is evident that LMS algorithms with different type of
norm constraint exhibit different performance enhancement
compared to the classic LMS. Specifically, Fig.2 (a) indicates
that the proposed NNCLMS achieve the best performance,
which is followed by the [;-LMS, [y-LMS and RIl;-LMS
respectively.

To test the sensitivity of algorithms to the sparsity of target
system, for each algorithm the number of iterations needed to
converge from the start point to the MSD level of 10~ under
different sparsity is plotted in Fig.2 (b). As can be predicted,
Fig.2 (b) reveals that, compared to the classic LMS, the
effectiveness of the norm constraint generally degrades with
the SR increasing. It is noteworthy that, due to the adaptation
capability of non-uniform norm penalty with respect to un-
known system, the proposed NNCLMS algorithm significantly
outperforms all other algorithms in tolerance upon sparsity,
with the number of iterations to achieve convergence only
exhibiting tiny deterioration for the SR of 1/50, to 4/50, and
14/50.

IV. CONCLUSION

In order to improve the performance of sparse system
estimation, the p-norm like, [g-norm and /;-norm are discussed
and a new algorithm is derived in this letter by incorporat-
ing non-uniform p-norm like constraint to LMS algorithm.
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Fig. 2. (a) MSD curves of different algorithms on condition of different

SRs. (b) MSD=10"1, iterations of different algorithms at different SR.

TABLE III
PARAMETERS IN THE 2”4 EXPERIMENT

Algorithms | I | K | € |
LMS 0.0017 NA NA
11-LMS 0.0020 | 0.00020 2
lo-LMS 0.0024 | 0.00024 2
RI1-LMS | 0.0035 | 0.00035 2
NNCLMS4 | 0.0054 | 0.00054 2

Different from the classic norm constraint algorithms, the
proposed algorithm imposes non-uniform zero attraction on
the filter coefficient according to the relative value among all
entries. Numerical simulations demonstrate that the proposed
NNCLMS algorithm has better sparse exploitation perfor-
mance as well as better tolerance upon sparsity of unknown
system.
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